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Abstract. A small value estimate is a statement providing necessary conditions for the 
existence of certain sequences of non-zero polynomials with integer coefficients taking small 
values at points of an algebraic group. Such statements are desirable for applications to 
transcendental number theory to analyze the outcome of the construction of an auxiliary 
function. In this paper, we present a result of this type for the product Ga x whose 
underlying group of complex points is C x C* . It shows that if a certain sequence of non- 
zero polynomials in Z[Xi,X2] take small values at a point (^,77) together with their first 
derivatives with respect to the invariant derivation d/dXi + X2{d / 8X2), then both ^ and 
rj are algebraic over Q. The precise statement involves growth conditions on the degree and 
norm of these polynomials as well as on the absolute values of their derivatives. It improves 
on a direct application of Philippon's criterion for algebraic independence and compares 
favorably with constructions coming from Dirichlet's box principle. 



1. Introduction 

In continuation with [13] and [H], the aim of the present paper is to develop new tools 
for algebraic independence in situations where the traditional combination of a criterion for 
algebraic independence and of a zero estimate does not apply. The small value estimates that 
we are looking for, aim at extracting as much information as possible from the global data 
of a sequence of auxiliary polynomials taking many small values at points of a finitely gen- 
erated subgroup of a commutative algebraic group. An ultimate goal would be to prove the 
conjectural small value estimates proposed in [Hj and [12] and shown there to be equivalent 
respectively to the standard conjecture of Schanuel and its elliptic analog. In [H] and [T3] . 
we established some small value estimates respectively for the additive group C = Ga(C) 
and the multiplicative group C* = Gm(C). The present paper deals with the group 

^ = CxC* = (GaxG^)(C), 

and considers a sequence of auxiliary polynomials in Z[Xi, X2] taking small values at a fixed 
point (^, rj) & Q together with some of their derivatives with respect to the ^-invariant 
differential operator 

T^i = ^ — + X2- — . 

dXi 0X2 

Upon defining the norm ||P|| of a polynomial P as the largest absolute value of its coefficients, 
and upon denoting by [a;J the integer part of a real number x, our main result reads as follows: 
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Theorem 1.1. Let 77) G Q, and let /3, r, G M with 

(r - 1)(2 - t) 

(1) 1<T<2, P>Tandu>2 + (]-T+^ ' 



Suppose that, for each sufficiently large positive integer D, there exists a non-zero polynomial 
Pd G Z[Xi,X2] of degree < D and norm < exp(D^) such that 

(2) max \V\PD{^,r])\<exp{-D''). 

0<i<3[D^\ 

Then, we have C,r] E Q and moreover V\Pr){C,,ri) = {0 < i < 3[D'^\) for each sufficiently 
large integer D. 

Formally, the statement of the theorem can be simplified by omitting the constraint r < 2 
from ([T]), because it is a consequence of the other conditions. Indeed, it follows from the 
main result of Tijdeman in [15] or an earlier result of Mahler |31 p. 88, Formula (7)] that, 
for given (^, 77) G ^, r > 2, z/ > 2, and for any sufficiently large positive integer D, there 
exists no polynomial Pd G C[Xi,X2] of degree < D and norm > 1 which satisfies ([2]). 
In particular, for the same choice of parameters, there exists no non-zero Pn G 7j[Xi,X2] 
of degree < D satisfying ([2]). Nevertheless, keeping the condition r < 2 makes easier to 
compare the statement of the theorem with the constructions described below. 

First, note that, in the conclusion of the theorem, the vanishing of the derivatives I^iPd 
at the point {C,,i]) follows from the assertion that this point is algebraic. Indeed, for each 
sufficiently large integer D, the polynomials T>\Pd G 1j[Xi,X2] with < i < 3\_D'^\ have 
length at most exp(2D^). Since their absolute values at the point {C,,f]) are bounded above 
by exp(— D^) and since u > 13, Liouville's inequality implies that they all vanish at that 
point for D large enough, when ^ and rj are algebraic. Conversely, the hypotheses of the 
theorem are fulfilled by any algebraic point (^, ?]) G Q x Q because, for such a point rj) 
and any choice of parameters /3, r G M with 

< r < 2 and /3 > max{0, 2r - 2}, 

an application of Thue-Siegel's lemma shows that, for any sufficiently large positive integer 
D, there exists a non-zero polynomial P G Z[Xi,X2] of degree < D and norm < exp(D'^) 
such that V{Pd{^, r^) = for < i < 3 [D^\ . 

It is also interesting to compare the statement of the theorem to constructions that can be 
achieved for an arbitrary point of Q using Dirichlet box principle. For any choice of {C,, r/) E Q 
and /3, r, 1/ G M with 

< r < 2, (3 > max{l, r} and z/ < 2 + /3 - r, 

a simple application of that principle shows the existence of a sequence of non-zero polyno- 
mials {Pd)d>i in '^[Xi,X2\ with deg(PD) < D and \\Pd\\ < exp(D'') satisfying ([2]) for each 
large enough D. Thus, if it is possible to reduce the lower bound on z/ in ([1]), it could not 
be by more than 

(r-l)(2-r) , ,1 
^ ^ <(r-l)(2-r)<-. 
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On the other hand, compared to the lower bound z/ > 2 + /3 required by a direct apphcation 
of Phihppon's criterion [HI Theorem 2.11], our condition on v represents a gain of at least 
r - 1/4. 

Although there is room for possibly improving the conditions on /3 and v in Theorem II. H 
the restriction r > 1 is crucial in order to be able to conclude that ^ and t] are algebraic over 
Q or even that they are algebraically dependent over Q. This follows from a construction 
of Khintchine adapted by Philippon [HI Appendix] which shows that, for any sequence of 
positive real numbers {iPd)d>1i there exist algebraically independent numbers ^,77 G C and 
a sequence of non-zero linear forms {Ld)d>i in Z + ZXi + ZX2 satisfying ||I/d|| < D and 
\Ld{^i < '4'D for each D > 1. Here, we apply this result with ipD = exp{—2D'^^^) assuming 
simply that 0<r<l, /3>r and u > t. For the corresponding point r]) E Q and the 
corresponding sequence of linear forms (L£))£)>i, we set Pd = L^^^ ^ for each D >1. Then, 
for each sufficiently large the polynomial Po G Z[Xi,X2] is non-zero, has degree < D, 
norm < exp(D^) and satisfies the condition (111). However, both ^ and rf are transcendental 
over Q. 

The proof of our main result combines techniques for multiplicity and zero estimates 
introduced by W. D. Brownawell and D. W. Masser in p] and by D. W. Masser in [5], 
together with techniques of elimination theory developed by Yu. V. Nesterenko [Gj [7| and 
P. Philippon [8], and formalized in [3] in joint work with M. Laurent. We give below a short 
outline of that proof. The complete argument occupies Section [71 

Arguing by contradiction, we first replace each polynomial Pd by an appropriate homoge- 
neous polynomial Pd of degree and replace the differential operator T>i by a corresponding 
homogeneous operator T> on C[X] := C[Xo,Xi,X2]. For each integer D, we also define a 
convex body Cd of the homogeneous part C[X]£) of C[X] of degree D. It consists of all 
polynomials of C[X]/3 whose derivatives with respect V are small up to order T := [-D"^] at 
the point (1,^,77), with upper bounds on the norms of these polynomials and on the abso- 
lute values of their derivatives chosen so that V^Pd belongs to Cd for each integer i with 
< i < 2T. 

In Section [6l we provide an estimate for the height of with respect to convex bodies 
of this type. It relies on two types of result. The first one is a general lower bound for 
the multiplicity of the resultant proved in Section [5l This result is of independent interest 
and can be read independently of the rest of the present paper. It implies in particular 
that the resultant of C[X] in degree D vanishes with multiplicity at least T at each triple of 
polynomials of CfX]!) whose derivatives with respect to V vanish up to order T at (1,^,77). 
The other result is an interpolation estimate proved in Section |3l It provides an upper bound 
for the smallest norm of a homogeneous polynomial with prescribed first T derivatives with 
respect to V at the point (1,^,77). 

Based on the above, the results of Section [61 also provide, by successive intersections in 
and suitable selection of irreducible components, a zero-dimensional algebraic subset Z of 
P^ defined over Q and irreducible over Q with small height with respect to Cd, and whose 
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associated prime ideal in Q[X] contains V^Pd for i = 0,1, . . . , 2T — 1. This last information 
leads to a posteriori estimates for the degree and the standard height of Z. 

The most delicate part of the proof lies in the final descent argument. Denote by D* the 
largest positive integer less than D for which the ideal of Z does not contain all derivatives 
T>Td* with < i < 2 [(-D*)^J • Then, the Chow form of Z in degree D* does not vanish in at 
least one of these derivatives P*. Its absolute value at P*, being a positive integer, is then 
bounded below by 1. On the other hand, the same number is a constant times the product 
of the absolute values of P* at representatives a G with norm 1 of the points a of Z{C), 
where the constant depends only on D*, the degree of Z and the standard height of Z. In 
Section m the absolute values |-P*(a)| are estimated from above in terms of the projective 
distance between a and (1 : ^ : r/) as well as the distance between a and the analytic curve 
{(1 : ^ + z : 7]e^) ; z G C}. Another result of Section H] provides an estimate from below 
for the height of Z with respect to Co, in term of these distances. Putting all together and 
choosing D large enough leads to the required contradiction. This last step is an adaptation 
of the idea behind Philippon's metric Bezout's inequality [H Prop. 2.5]. 

To conclude this introduction, we would like to add that the present method is not re- 
stricted to dealing with only one point. Its main limitation lies instead in the fact that, at 
each degree D, the number of conditions imposed on P^ needs to be less than the dimension 
of the space of polynomials of degree at most D. The multiplicity estimate of Section [5] 
is sufficiently general to deal efficiently with polynomials Pn G Z[Xi,X2] of degree < D 
satisfying conditions of the form 

\V\PD{m,^i + ■■■ + m,es, ■ ■ ■ VT')\ < expi-D'') (0 < i < < mi, . . . , < D'^) 

provided that r + sa < 2. Under the latter assumption, it is also possible to interpolate the 
above values of Pd using a generalization of the interpolation result of Section [3] which, for 
simplicity, we did not include here. However, the condition r + sa < 2, which is natural to 
impose when s = 0, becomes very restrictive for s > 1. In particular, it requires a value of 
u that is larger than the one available from the conjectural small value estimates of [llj, in 
order to insure that the logarithmic height of with respect to the appropriate convex body 
is negative. As a consequence, the conclusion of Theorem 1 1.1 1 is stronger than what one would 
expect from these conjectures. Another but less fundamental difference is that Theorem ll.il 
does not impose separate upper bounds on the degrees of Pd in Xi and X2. Such refinement 
would have required to work within the theory of multi-projective elimination initiated by 
P. Philippon in [9] and developed by G. Remond in |10j . 

2. Preliminaries 

In this section, we introduce most of the notation and results of elimination theory that 
we will need in the following. The formalism that we use is a simplified version of that of 
[3] . Throughout this paper, N stands for the set of non- negative integers, and N* for the set 
of positive integers. 
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We fix an integer m > 1 and for eacli subring A of C, we denote by A[K.] the polyno- 
mial ring A[Xo, . . . , X^] in m + 1 variables over A. For each D G N*, we denote by ^[X]^) 
the homogeneous part of degree D of ^[X]. More generally, when / is an homogeneous 
ideal of ^[X], we write Id for its homogeneous part of degree D. For each (m + l)-tuple 
z/ = (z/q, . . . , Urn) in N™"''\ we put |z/| = z/q + ■ ■ ■ + f „ and write X^ to denote the mono- 
mial Xq° ■ ■ ■ X^. For each point a = {ao, . . . , am) G C"^'^^, we define the norm of a by 
||a|| = max{|ao|, . . . , |a-m|} and denote the corresponding point of P™(C) by (ao : ■ ■ ■ : am)- 
Similarly, we define the norm \\P\\ of a polynomial P G C[X] as the largest absolute value 
of its coefficients. 

We also denote by Pq the projective m-space over Q. By a subvariety of Pq we mean the 
closed integral subscheme of Pq determined by a homogeneous prime ideal p of Q[X] distinct 
from {Xq, . . . ,Xm)- Then, the set of points of Z with values in C, denoted Z{C), is the set 
of common zeros of the elements of p in P™(C). For any set S of homogeneous polynomials 
of Q[X], we denote by 2{S) the closed subscheme of Pq determined by the ideal of Q[X] 
generated by S. Then, Z{S){C) is the set of common zeros of the elements of S in P™(C). 

Let Z he a subvariety of Pq and let D be a positive integer. Putting t = dim(Z), the first 
section of [8] shows the existence of a polynomial map 

F: C[X]*+^ ^ C 

whose zeros are the (t + l)-tuples of polynomials {Pq, . . . , Pt) G C[X]^^ having at least one 
common zero on Z{C), and whose underlying polynomial relative to the basis of (t + 1)- 
tuples of monomials (X'^^"', . . . , X*^'*') with |z/*^°)| = • ■ ■ = |z/(*)| = D has coefficients in Z and 
is irreducible over Z. Such a map F is unique up to multiplication by ±1. Moreover, F 
is separately homogeneous of degree deg{Z) in each of its t -|- 1 polynomial arguments. 
We call it a Chow form of Z in degree D. We define the (logarithmic) height h{Z) of Z 
as the logarithm of the norm of the polynomial underlying its Chow form in degree 1. For 
example, the Chow form of P'" in degree D is the resultant viewed as a polynomial map 
Res£): C[X]^+^ — t- C. As such, it is homogeneous of degree D'^ on each factor. For D = 1, 
this resultant is simply the determinant of m + 1 linear forms in m + 1 variables. As a 
polynomial in the (m -|- 1)^ coefficients of these linear forms, its non-zero coefficients are ±1 
and thus we get /i(P™) = 0. 

We define a convex body of C[X]d to be a compact subset C of C[X]£) with non-empty 
interior which satisfies XP + fiQ G C for any P,QeC and any A, G C with |A| + < 1. 
Then, for a subvariety Z of Pq of dimension t and its corresponding Chow form F, we define 

hc{Z) = hc{F) = logsup{|F(Po, ...,Pt)\;Po,.-.,PteC}. 

In the notation of [3j, this corresponds to the height of Z or F relative to the adelic convex 
body of Q[X]/) whose component at infinity is C and whose component at each prime number 
p is the unit ball of Cp[X]£) with respect to the maximum norm. 

Finally, given t G {0, . . . , m}, we define a cycle of dimension t in Pq to be a formal linear 
combination 

Z = rriiZi + ■ ■ ■ -|- mgZg 
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with positive integer coefficients mi, . . . , of subvarieties Zi, . . . , Zs of Pq of dimension t. 
The latter are called the components of Z. We extend the notions of degree and heights to 
such cycles Z by writing 

s s s 

deg(Z) = ^mjdeg(Zi), h{Z) = ^mih{Zi) and hc{Z) = ^mihc{Zi), 

i=l i=l i=l 

where C stands for an arbitrary convex body of C[X]£i for some D ^ W. 

In proving the three results stated below, we freely use the estimate dimcC[X]£) = 
i'^^) < (m + 1)^ valid for any integer D > 0. 

Lemma 2.1. Let D be a positive integer and let B = {P G C[X]£) ; ||P|| < 1}. Then, for 
any integer t G {0, 1, . . . , m} and any cycle Z o/Pq of dimension t, we have 

\hsiZ) - D'+^h{Z)\ <(t + A)(t + 1) log(m + 1)/}*+! deg(Z). 

In particular, we have /^^(P™') < (m + 4)(m + 1) log(m + 1)D^^^ . 

Proof. By linearity, it suffices to prove the ffist assertion when Z is a subvariety of Pq. Then, 
by definition, we have h{Z) = log||F|| where F: C[X]^^^ — t- C denotes a Chow form of Z 
in degree 1. Similarly, for the convex body V = {L E C[X]i ; ||L|| < 1} of C[X]i, we have 
h-D^Z) = hxi{F) and so, a crude estimate based on [3i Lemma 3.3 (i)] gives 

h{Z) < hv{Z) < h{Z) + (t + 1) log(m + 1) deg(Z) 

because F, being homogeneous of degree deg{Z) on each of the t + 1 factors of the product 
C[X]^"^^, its underlying polynomial has at most (m + l)(*+i)'i'^s(-^) non-zero coefficients. By 
Proposition 5.3 of |3] and the remark stated after it, we also have 

IheiZ) - D'+'hviZ)\ <{t + 3)(t + 1) log(m + 1)^*+^ deg(Z). 

Combining the two estimates gives the first assertion. The second assertion follows from it 
using /i(P™) = 0. □ 

Proposition 2.2. Let D be a positive integer, let C be a convex body of C[X]£), and let 
Z be a subvariety of Pq of positive dimension t. Suppose that there exists a polynomial 
P G Z[X]£) n C which does not belong to the ideal of Z . Then there exists a cycle Z' ofF^ 
of dimension t — 1 which satisfies 

(i) deg{Z') = Ddeg{Z), 

(ii) h{Z') < Dh{Z) + deg(Z) log ||P|| + 2{t + 5)(t + 1) log(m + l)D deg(Z), 

(iii) hc{Z') < hc{Z) + 2t\og{m + l)D'+'deg{Z). 

Proof. Define Z' to be the intersection product Z' = Z ■ div(P) as in [31 Lemma 4.2]. Then, 
(i) follows from |3l Lemma 4.2] while (iii) derives from Prop. 4.9]. To prove (ii), we note 
that we have P G ||P|| B for the convex body B of Lemma [2.11 and so, by [21 Prop. 4.9], we 

get 

hBiZ') < h^iZ) + D' deg{Z) log||P|| +2tlog(m + l)P)*+i deg(Z). 
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Then (ii) follows by combining this upper bound with the estimates 

max{\ht3{Z) - D'+^h{Z)\,\hi3{Z') - D'h{Z')\} < (t + 4)(t + 1) log(m + l)Z}*+Meg(Z). 

coming from Lemma 12.11 □ 

Proposition 2.3. Let D be a positive integer, let C be a convex body ofC[X.]D, let Z be a 
subvariety o/Fq of dimension 0, and let Z_ be a set of representatives of the points of Z by 
elements of V,"^^^ of norm 1. Then, we have 



(3) 



hc{Z) - Dh{Z) - ^logsup{|P(a)| ; P G C} < 9 log(m + 1)1} deg(Z) 



Moreover, if there exists a polynomial P G Z[X]£) fl C which does not belong to the ideal of 
Z , then we have hc{Z) > and 



(4) 



< 71og(m + l)P)deg(Z) + P)/i(Z) + ^log|P(a) 



Proof. Let P be a Chow form of Z in degree D. There is a constant a G C* depending only 
on P and Z such that, for any P G C[X]£), we have 



(5) 



P(P) = a J] P( 



a) 



As this is a factorization of P into a product of deg(Z) linear forms on CfX]/) and as 
dimcC[X]z) < (m + 1)^, Proposition 3.7 (i) of |3] gives 



(6) 



hc{Z)-log\a\ - ^logsup{|P(a)| ; P G C} < 2 log(m + 1)P deg(Z) 



Applying this estimate to the convex body B of Lemma [2.11 instead of C, we get 

(7) \hB{Z) - log \a\ \ < 31og(m + l)Pdeg(Z) 
because for each of the deg(Z) points a of Z_, we have 

< logsup{|P(a)| ; P eB} < log(m + 1)P. 
The estimate ([7]) combined with Lemma 12.11 gives 

(8) |log|a| -Dh{Z)\ < 71og(m + l)Pdeg(Z), 

which in turn, after substitution into (j6]) leads to (|3]). Finally, if a polynomial P G Z[X]/) flC 
does not belong to the ideal of Z, then we have P(P) GZ\{0}andso hc{Z) >log|P(P)| > 0. 
The estimate (jl]) then follows from the equality together with (|H]). □ 



8 



DAMIEN ROY 



3. Basic estimates 

Let Q denote the commutative group (Ga x Gm)(C) = C x C* with its group law written 
additively. We denote by C[X] the ring C[Xo,Xi,X2] and by V its homogeneous derivation 

For each 'J = E Q and each P G C[X], we define P(l,7) = P{1, We also denote 

by the C-algebra automorphism of C[X] given by 

r^(P(Xo, X^,X,)) = P(Xo, ^Xo + X,, r,X^) 

so that, for any 7, 7' G Q and any P G C[X], we have 

(r,P)(l,7') = i'(l,7 + 7')- 
We also note that Ty oV = V o and for any 7,7' G G- Finally, for each 

T G N*, we denote by /('T'^) the ideal of C[X] generated by all homogeneous polynomials P 
satisfying r''P(l,7) = for z = 0, . . . , T — 1. For L G N, the symbol I^''^^ represents its 
homogeneous part of degree L. 

Qualitatively, the results of this section imply that, for fixed T G N*, the largest integer 
L such that I^'^^ = {0} is also the largest L with ('^^^) < T, and that, for this value of L, 
the ideal /(i'-'^) is generated by and 

We first establish two lemmas where, for a polynomial Q G C[X], the notation C{Q) stands 
for the length of Q, namely the sum of the absolute values of its coefficients. 

Lemma 3.1. Let D G N and Q G C[X]£). For any 7 = (^,''7) G ^ and i eN, we have 
Cir^Q) <ci{^f\\Ql C{V'Q)<D'C{Q) and \V'Q{1,^)\ < 02(1^ D'C{Q), 
where 01(7) = 2 + |^| + |?7| and 02(7) = max{l, |,^|, |?7|}. 

Proof. The first estimate follows from the definition, the second comes from a quick induction 
on i, and the third is a direct consequence of the second. □ 

Lemma 3.2. Let ri, . . . , G C and cq, ei, . . . , G N*. Put R = max{l, |ri|, . . . , |rs|} and 
E = Co + Ci + ■ ■ ■ + Cs ■ Then, there is a unique polynomial a{X) G C[X] of degree < Cq such 
that 

s 

(9) a{X)Y[{l-riXy' = 1 mod X*^", 

1=1 

and its length satisfies Cia) < ( ]r^°~^. 

Vo - 1/ 

Proof. Since 1 — riX, . . . , 1 — VgX are units in the ring of formal power series C[[X]], the 
congruence is equivalent to 



i{X) = Y[{l + riX + r'^X'^ + ---Y^ modX' 



i=l 
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This shows the existence and uniqueness of a(X) and imphes that its length is bounded 
above by the coefficient of X*^""^ in the series 

oo s oo 

^.Y^)n(Ei'-.i'A-^ 

j=0 i=l j=0 

itself dominated by (E'o^'^'j = E,"o {'"e eD^'^'- ° 

A weaker form of the next result, involving a larger constant, can be derived from Malher's 
formula (7), page 88 of [1]. For the convenience of the reader, we provide an independent, 
more specific proof based on the fact that, for each polynomial P G C[X], the sequence 
(CP (1,0, l))ieN is a linear recurrence sequence. 

Proposition 3.3. Let 7 = (^, r]) eQ, let L eN and put M = [^^'^) . Then the map 
10 

Q ^(2^^Q(l,7))o<.<M 
is an isomorphism of 'C- vector spaces. Moreover, for each Q G C[X]£,, we have 

(11) £(Q) <ci(-7)^8^' max |P^Q(1,7)|. 

Proof. The second assertion is a quantitative version of the ffist because it implies that the 
linear map f lTOj) is injective and so is an isomorphism, its domain and codomain having the 
same dimension M. Therefore, it suffices to prove the second assertion. To this end, we fix 
a polynomial Q G C[X]l. 

We ffist consider the case where 7 = e = (0, 1) is the neutral element of Q. We denote 
by S the complex vector space of sequences of complex numbers indexed by N, by 
t: S ^ S the C-linear map which sends a sequence (uj)jgN to the shifted sequence (Mj+i)jgN, 
and by y?: C[X]j^ — )■ S the linear map which sends a polynomial P G C[X]i to the sequence 
(P^P(l,0,l)),eN. 

For any j, G N with j + k < L, the monomial Mj^k = Xq~-'~''X(X2 is mapped by ip to 
the sequence u^^''^^ given by 

Mp''^) = i(^ _ 1) . . . (i _ J + i)A;^-i (i G N) 

with the conventions that i{i — 1) ■ ■ ■ {i — j + 1) = when j > i and that k^~^ = 6ij when 
k = 0. A quick recurrence argument shows that, for any r G N, we have 

j(j — 1) • ■ ■ (j — r + 1)m(-5''~''''') if r < j, 
if r > j, 

and so the initial term of the above sequence ( TT2l) is 

(13) {{T-kyu^^'% = r\6,,r. 



(12) {T-kYu 



Now, fix a choice of r, s G N with r + s < L. We use ( !T2|) and ( !T3|) to construct a linear 
functional on S which maps u^^''^^ to 1 and all other sequences m^-?''^) with j + A; < L to 0. To 
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this end, we first note that, by Lemma [321 there exists a unique polynomial a{X) G C[X] 
of degree < L — r — s such that 



(Y \ L-k+l 
1 _ j = 1 mod X^-"-^+i 

and its length satisfies 



k=0,...,L 

k^s 



(14) £(a)<^^_^_J<2'". 
Then the polynomial 

L-k+l 



Kx) = ^ix-sraix-s) n (fi:^) 

I — n r \ / 



k=0,...,L 

ky^S 



IS 



divisible by (X — k)^ '^^^ for each k = 0, . . . , L with k s, and satisfies 



b{X) = ^(X - sY mod (X - s)^-'+\ 



Moreover it has degree < M, and length 

< (L + 1)!L!---2!1! 

(15) - (s!)^-^ s! (s - 1)! ■ ■ ■ 1! (L - s)! (L - s - 1)! ■ ■ ■ 1! ^""^ 

< 4*^/:(a), 

using (L + 1)! < (L + < 2^^ and (^) < 2^= for A; = s + 1, . . . , L. Since the formula (^^ 

implies that each -u^-?'^) with j + k < L is annihilated by (r — k)^^'^^^, we deduce that 

^ ^ [(l/r!)(r-s)'-M(^>) ifA; = s, 

and so, thanks to (fT3l) . we conclude that 

(6(r)M(^''=))o = 5,,rh,s. 
As a consequence, if we write the polynomial Q G C[X]2, in the standard form 

Q = ^ Ij^k^o ^ ^X{X2 = ^ qj^kMj^k 

j+k<L j+k<L 

then, in terms of the corresponding sequence u = ^(Q) = J2j+k<L Qj,kU^'''''\ "we get 
= \{b{T)u)o\ < C{b) max \ui\ = C{b) max |r''g(l, 0, 1)|. 

0<i<M 0<i<M 
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By dUD and we also have C{b) < 8*^ The choice of (r, s) being arbitrary, we conclude 
that 

ligil = max |g^,,| < 8*^ max \V'Q{l,e)\. 

r+s<L ' 0<i<AI 

For the general case, we apply the previous result to r^Q instead of Q. Since V\t^Q){1, e) = 
r^(P*Q)(l,e) = V'Q{l,-f) for each i e N, this gives 

\\t^Q\\ < 8*^ max |P^Q(1,7)|. 

' ' 0<i<M 

The conclusion follows as Lemma El] gives C{Q) < ci{—'y)^\\TyQ\\. □ 

Corollary 3.4. Let 'j E G and T G N*. Define = Then is a prime ideal of rank 

2 and j('>'''^) is L^-primary of degree T. 

Proof. The ideal is generated by the homogeneous polynomials vanishing at the point 



(7,T) 



IS 



(1,7). Therefore it is prime of rank 2. As (J^)^ C /(t-^) C the radical of / 
J^. Moreover, for any choice of homogeneous polynomials P,Q E C[X] with P ^ and 
Q ^ /(^'^), we find that PQ i J(^'^). Thus, J(^'^) is /^-primary. Finally, consider the 
linear map C[X] — )• given by ^{ff) = (r'*Q(l, 7))o<j<T for each Q G C[X]. Then, 
Ij]' is the kernel of the restriction of (p to C[X]£), for each D G N. Thus, the Hilbert 
function of P'^'^> is given by D) = dime </?(C[X]b). However, Proposition [Sj 

shows that (y9(C[X]£i) = C"^ when (^^^) > T. Thus, for each large enough integer D, the 
value H{I^"''^^ ; D) is constant equal to T and so j('>''^) has degree T. □ 

The following lemma provides the inductive step needed in the proof of the next two 
propositions. 

Lemma 3.5. Let 7 = (^, r]) G G, let K,L,N,T eN with 

(16) (^^^) <T<(^^'^) and L<K<N<mm{2K-L,^^^ 



^ 2 J - \ 2 ^ 

and let Q E 1^''^^ ■ Then, we can write Q = X]^=o X^~^Qj for a choice of polynomials 
Qj E 1^7'^^ (j = 0, 1, 2; satisfying 

2 

(17) 5^£(g,)<C3(7)^(64ir)^£(g), 

j=0 

where 03(7) = Ci(-7)c2(7). 

Proof. Since N > 3{N — K — 1), any monomial in X of degree is divisible by at least one 
of the monomials Xq~^, X^~^ or X^"'^. So, we can write 

Q = XfPo + Xf -^Pi + -^P2 
for some homogeneous polynomials Pq, Pi, P2 of degree K with 

(18) £(Po) + C{Pi) + £(P2) = £(Q). 
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Put M = (^2^). Then, for each j = 1,2, Proposition 13.31 ensures the existence of a unique 
polynomial Rj G C[X]i satisfying 



P^P,(1,7) forO<i<T, 
for T < i < M, 



and shows, with the help of Lemma 13.11 that it has length 

C{R,) < ci(-7)"8^^ max |W,(1,7)| < c^{-i)'8'' c,{^f m). 

As L < K and M < 2(^+^) + 1 < 2T - 1, the above estimate simplifies to 

(19) C{R,) < ^cs{if{64KfC{P,) (j = 1, 2). 
Furthermore, since 2K — L > N, the expressions 

Qo:=Po + X^''-'^-''{X^~''Ri+X^-''R2) and Qj := Pj - X^-'^Rj (j = l,2) 
are homogeneous polynomials of degree K which satisfy 

(20) Xo^-^Qo + Xf -^Qi + X^-^'Q, = Q. 

By construction, we have Qi,Q2 G Since Q as well belongs to we deduce that 

Xq'^Qo e /(^'^) and so Qo G /(^'^) because Xq ^ (see Corollary [33]). Thus, ([20]) provides 
a decomposition of Q with polynomials Qo, Qi, Q2 G I^'^^- Using ( ITS]) and (fT9]) . we find as 
announced 

2 2 

i^{Qi) < 2/:(i?i) + 2£(i?2) + /:(P,) < C3{^f{64KfC{Q). 

j=0 j=0 

□ 

On the qualitative side, this lemma has the following useful consequence. 

Proposition 3.6. Let 7 = {^,r]) e Q, let D,T E W with T < (^+^) . Then, any homo- 
geneous element of I^"''^^ of degree > D belongs to the ideal J o/C[X] generated by I 



(7,T) 
D 



Moreover, for any finite set of points S o/P^(C) not containing (1 : ^ : r]), there exists an 
element of I^^''^'^ which does not vanish at any point of S. 

Proof. The hypotheses on D and T imply that ('^^^) < T < (^^^) for an integer L with 
< L < D. Then, for any N E N with N > D + 1, the conditions f[T6]) of Lemma [3.51 are 
fulfilled with K = N — 1 and the lemma shows that I^''^^ is contained in the ideal of C[X] 
generated by /j/^''. By induction, we conclude that /^'"^^ C J for each N > D. This proves 
the first assertion of the proposition. It also implies that /("^'^^ and J have the same zero set 
in P^(C), namely {(1 : ^ : f])}, which leads to the second assertion. □ 
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Proposition 3.7. Let -f={^,T])eg and let D,T eW with 3 < D and 1 < T < {^^^f^^) ■ 
For any integer N > D and any polynomial Q G '"'c can write Q = ^\^^=j^^£)^''Pu 

for a choice of polynomials G I^''^^ (v G N'^, \v\ = N — D) satisfying 

(21) Yl ^(i^.) < C3(7)'^iV6'''°^^^^^(Q). 

\u\=N-D 

Proof. We proceed by induction on A^. For N = D, the result is clear. Suppose that 
N > D and let Q G 1^''^^ ■ We denote by L the unique non- negative integer satisfying 
(^2^) <T < (^J^)- Then, the hypotheses on D and T imply that D > 3{L + 1). We also 
define K = D if N < {3D + 2)/2, and K = [2N/3\ otherwise. For this choice of K, we have 
K > D and the conditions f fT6|) of Lemma 13.51 are fulfilled. Moreover, since N > D + 1 > 4, 
we have 6AK < and so this lemma provides polynomials Qo,Qi,Q2 ^ ^k''^^ satisfying 

2 2 

(22) Q = 5^Xf-^Q, and £(Q,) < C3(7)^iV^^/:(Q). 

j=0 j=0 

If K = D, this decomposition of Q has all the requested properties. Otherwise, we have 
D < K < 2N/3 < N and, by induction, we may assume that each Qj admits a decomposition 
Qj = X]|i/|=A'-D -^'^-^i-'^ with polynomials Pj,^ G I^' satisfying 

J2 m,^) < C3(7)^^i^'^^°^(^^/:(Q,). 

\u\=K-D 

Substituting these expressions in the decomposition ( !22l) of Q and collecting terms, we obtain 
a new decomposition Q = X]|i/|=Af-D -^'^-^'^ with polynomials Pi, G /{^'"^^ satisfying 

\u\=N-D j=0 

< 03(7)''' exp {6T{\ogKf + 4:TlogN)C{Q). 
As K < 2N/3 and > 4, we have Q{\ogKf + 41og < 6(logiV)2 and so ([2lD holds. □ 

4. Distance 

Throughout this section, we fix a point 7 = (^, 77) G ^ = C x C* and denote by (1 : 7) 
the class of (1,7) in P^(C). To alleviate the notation, we simply write ci and C2 to denote 
respectively the constants 01(7) and 02(7) of Lemma 13. and C3 to denote the constant 03(7) 
from Lemma 13.51 In particular, we have 

C2 = max{l,|e|,|r7|}=||(l,7)||. 

For each pair of integers D > and T > 1, and each point a G P^(C) with representative 
a= (ao, 01,02) £ of norm ||a|| = 1, we also define 

IJ^J'^^U = sup{|P(a)| ; P G \\P\\ < 1}, 
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where I^''^^ stands for the homogeneous part of degree D of the ideal /('^'^) introduced in 
the preceding section. The goal of this section is to estimate this quantity in terms of the 
usual projective distance between a and (1 : 7) defined by 

(23) dist(a, (1 : 7)) = {{".fji^^' ^l,, = max{|«i - ao^|, \a2 - ao^|, |ai?7 - 02^!}, 

Il^ll 11(1.7)11 

and of the distance from a to the analytic curve = {{1 : + z : rje^) ; z E C} defined by 

a2 /«! ^\ 
dist(a, A.y) = 1] exp 4 

when ao 7^ 0. For our first estimate, we use the following lemma. 

Lemma 4.1. Let a G P^(C) with dist(a;, (1 : 7)) < (2c2)"^, and let a = {ao, ai, 02) £ be 
a representative of a with \\a\\ = 1. Then we have |ao| ^ (2c2)~"^. 

Proof. We have ||a - «o(l, 7)11 < C2dist(a, (1 : 7)) < 1/2, so ||ao(l,7)|| > - 1/2 = 1/2 
and therefore |ao| > (2c2)~^ □ 

Proposition 4.2. Let D,T E W , let P E C[X.]d with P ^ 0, and let a, a be as in Lemma 



4-1 Then we have 



(24) < C4 max^ '^'^|pf '"^^^ + cf ( dist(a, (1 : 7))^ + dist(a, A^)) 

where C4 = 3c2exp(2c2). 

Proof. Without loss of generality, we may assume that ||P|| = 1. We set 

oi = 4 Ei'iid 02 = J 

and consider the entire function / : C — > C given by 

fiz) = P{l,^ + z,r]e^) (zeC). 
Since f{5i) = P{ao, ol\,(X2 — 52tto) and since /'•*^(0) = P*P(1, 4', ?]) for each ^ G N, we get 

|P(a)| < |ao|^|/(5i)| + |P(ao,ai,a2) - P(ao,ai,a2 - (52ao)| 

00 

< V -|W(l,e,r/)| |(5ir + (|ao| + |«i| + |«2| + |^2«o|)''|^2«o| 

T-l 00 

< 5^ -|OT(i,e,r/)i |5ir + 5^ ^|i)'p(i,e,r/)i i^^r + (3 + i52«oi)'^i<52i 



1=0 i=T 



00 ^ 

< el^^l max |W(l,e,r/)| + V -(3c2)^/^i5ir + (3 + \b20io\)''\H 

0<i<T ^ — ^ l\ 

■ =r 



where the last estimate uses the upper bound \V^P{l,^,ri) \ < Z}*£(P) < (3c2)'^D* coming 
from Lemma (3.11 To provide an upper bound for the remaining series, we note that, since 
|«o| > (202)""*^, we have 

l^il = |tto|~"'"|«i ~ «o^| < 2c2 dist(a, (1 : 7)). 
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As, dist(a, (1 : 7)) < {2c2)^^ < 1, this gives \6i\ < C2 and, for each integer i > T, we can 
write \5i\' < (2c|)* dist(a, (1 : 7))^. Therefore, 



00 00 _ 

J2 -ASc2fD'M < i^c^f dist(«, (1 : 7))"" Yl 7(2^2^)' ^ dist(«, (1 : 7))'^. 

i=T i=T 

The conclusion follows because 3 + |52tto| < 4 + Ir^lel'^^l < 4 + C2e'^^ < C4. □ 



As an immediate consequence, we get: 
Corollary 4.3. With a, a as in Lemma \4.1\ and D,T E W , we have 

I^d'^^U < cf (dist(a, (1 : 7))^ + dist(a, A^)) . 

We now turn to the problem of finding a lower bound for To this end, we first 

note the following consequence of Proposition 13.71 

Lemma 4.4. Let D,T eW with 3 < D <T < (^^^2^+^), let a e F^{C) and let a e be 
a representative of a with \\a\\ = 1. Then, for any Q G we have 

|g(a)|<cfr6^^°^(^)£(Q)|/} 



r(7,T)| 

'D la- 



Proof. Fix a polynomial Q G l!^''^^ and consider a decomposition of Q as given by Proposition 
Ofor the choice of = T. Since |P(a)| < £(P) l^^'^^U for any P G 4^'^^ we obtain 

iQ(«)i< E \PM)\<cfT'^'''''^^cmi^^^^V 

\u\=T-D 

□ 



Proposition 4.5. With the notation and hypotheses of Lemma 4-4' we have 

dist(a,(l:7)r<cjT^^'°^(^Vlj''^^U- 
Moreover, if dist(a, (1 : 7)) < (2c2)^^, we also have 

dist(«, A^) < C4cJT6^'°s('^Vd ^^U 

where C5 = (2c2 + 3)c|, and C4 is as in Proposition\4.2 



Proof. The formula f l2S]) shows that dist(a, (1 : 7)) = |M(a)| for some linear form M G C[X]i 
with M(l,7) = and ||M|| < 1. Then, as G 4^'^^ and £(M) < 3, Lemma lOl gives 

(25) dist(a, (1 : 7))^ = < 3^cf T6^'°*5(^)|JD''^^la. 

Now, assume that dist(a, (1 : 7)) < (202)^"'^, and write a = (ao, ai, 02)- As the polynomial 

T-l 

g(x) = x^-'X2 -vY.i(^^- ^^oTx^-' 



-0 
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also belongs to the same result combined with Lemma [4.11 leads to the estimate 



(26) 



T-l 



1 fai 



i=0 



-r 



IQ(«)l<C4(2c2)^cfT^^'°^(^)|4^'^)| 



using C{Q) < 1 + l^^l exp(l + |^|) < C4. Arguing as in the proof of Proposition 14. 2^ we also 
note that, for each integer i >T, we have jai/ao — < dist(a, (1 : ■y))'^{2ciy and therefore 



(27) 



h E 1 (- - ^ dist(a, (1 : 7))^C2 ^ < C4 dist(a, (1 : 7))^. 



Combining ([25]), (EH) and ([27]), we get 

dist(a,y4^) < |aor^|Q(tt)| + C4 dist(Q;, (1 : 7))"^ 
< C4((2c2)^ + 3^)cf T6^i°s(^)|4^'^)|, 



□ 



5. Multiplicity of the resultant 

In this section, we introduce the last crucial tool that we need for the proof of our main 
theorem. It consists in a lower bound for the multiplicity of the resultant of homogeneous 
polynomials in m + 1 variables at certain (m + l)-tuples of such polynomials. As in Section 
121 we set X = (Xq, . . . , X^) where m is any positive integer. In the applications, we will 
restrict to m = 2. 

Recall that a regular sequence of C[X] is a finite sequence of polynomials {Po,...,Ps) 
with < s < m such that Pq ^ and such that the multiplication by Pj is injective in 
C[X]/(Po5 • • • 5 Pj-i) for j = 1, . . . , s. When Pq, . . . ,Ps are homogeneous, this condition is 
equivalent to asking that the ideal {Pq, . . . , Pg) has rank s + 1. We first establish a lemma. 

Lemma 5.1. Let Po, . . . ,Pm be a regular sequence of C[X] contained in C[X]d for some 
integer D > 1, and let v he an integer with u > {m + 1)D — m. Then there exist subspaces 
Eq, . . . , Em of C[X.]iy_£, with dimc{Em) = -D™ such that 

C[X], = EoPo © ■ ■ ■ © EmP„,. 

Proof. For j = 0, . . . , m, put Ij = {Pq, . . . , Pj) and, for each integer > 0, choose a subspace 
Ej^ii^u) of C[X],^ such that 

C[X], = (/,).© ^,+i(z/). 

Put also /_i = (0) and Eq^u) = C[X]i. so that the above holds for j = —1, and extend 
the definitions to negative integers u by putting C[X],^ = {Ij)u = Ej+i^u) = {0} for j = 
— 1, 0, . . . , m when 1/ < 0. Then, for each e Z and each j = 0, . . . , m, we have an exact 
sequence 

(28) ^ (c[X]//,_i)^_^ ^ (c[X]//,_i)^ — . (C[X]//,)^ -> 0, 
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where the first non-trivial map comes from multiphcation by Pj in C[X] while the second 
is induced by the identity map in C[X]. As the inclusion of Ej^iiy) in C[X]i, induces an 
isomorphism between Ej^i{u) and (C[X]//j)i, for each z/ G Z and j = —1, 0, . . . , m, it follows 
that 

= Ej{iy - D)Pj © (z/ G Z, < j < m). 

Since {I^i)u = {0}, combining these decompositions leads to 

m 

(29) (J„), = Em-k{jy - D)P^^k 

k=0 

for each G Z. On the other hand, at the level of dimensions, the exactness of the sequence 
(EHD gives 

(30) dime Ej+i{u) = dime Ej{u) - dime Ej{u - D) {u eZ, < j <m). 

Since dime Eq^u) = {u + m) ■ ■ ■ {u + l)/m\ for each u > —m, we deduce by induction that, 
for each j = 0, . . . , m, there exists a polynomial Xj{T) G Q[T] of degree m — j with leading 
coefficient D^/{m — j)\ such that dime Ejlu) = Xj{^) for each u > jD — m. In particular, 
this gives dime-Em,('^) = -D"^ for each u > niD — m. Then fl30l) with j = m implies that 
Em+i{i^) = {0} for each u > {m + 1)D — m and so {Im)v = C[X]y for these values of u. The 
conclusion of the lemma then follows from fl2^ . □ 

Theorem 5.2. Let I be an homogeneous ideal o/C[X]. Suppose that, for some integer 
D > 1, the set of common zeros of the elements of Id in P™(C) is finite and non-empty. 
Then, the generic resultant for homogeneous polynomials of degree D in m + 1 variables 
vanishes up to order deg(J) at each point of (Id)"^^^ . 

Proof. Since the elements of Id have finitely many common zeros in P™'(C), the subspace Id 
of C[X]o contains a regular sequence Pq, . . . , Pm-i of length m. Moreover, as the elements of 
C[X]£i have no common zeros in P™'(C), this sequence can be extended to a regular sequence 
Po, • • • , Pm-i, Pm for some Pm G C[X]z5- Fix an integer z/> {m + 1)D — m large enough so 
that the Hilbert function of / at z/ is II{I; u) = deg(J), and choose subspaces Eq, . . . , Em of 
C[X];^_£) as in Lemma [5TT1 For each (m + l)-tuple Q = (Qq, . . . , Qm) G C[X]^^"^, we define 
a linear map 

(fid ■ EqX ■■■ X Em — y C[X.]^ 

(Aq, . . . , Am) I > AqQq + • • ■ + AmQm ■ 

Then, by construction, for the choice of P = {Pq, . . . , Pm), the map ipp is an isomorphism. 

Form a basis A of Eq x ■ ■ ■ x Em by concatenating bases of x ■ ■ ■ x E'j x ■ ■ ■ x for 
i = 0, . . . , m, so that the last D"^ elements of A form a basis of x ■ ■ ■ x x Em- Since 
II{I; u) = deg(/), the set is a subspace of C[X],^ of codimension deg(J) and so there is 
also a basis B of C[X]i, whose last elements past the first deg(J) form a basis of I^. For each 
Q E Eq X ■ ■ ■ X Em, we denote by Mq the matrix of the linear map with respect to the 
bases A and B (its j-th column represents the coordinates of the image of the j-th element 
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of A in the basis B). Then, the map 

$ : C[X]™+^ — y C 

Q = (Qo,...,Qm) ^det(MQ) 

is a muhihomogenous polynomial map which is homogeneous of degree in the last com- 
ponent Qm- For each Q G I^'^^, the first deg(J) rows of Mq vanish because the image of 
ifQ is contained in I^. It follows from this that all partial derivatives of $ of order less than 
deg(/) vanish at each point of I^^^ ■ In particular, $ vanishes at each point of I^^^ and so 
it is divisible by the resultant in degree D: we have 

(31) $(Q) = ^(Q)Res,,(Q) 

where : C[X]^'*'^ — )■ C is also a polynomial map. Since the resultant is homogeneous of 
degree D"^ on each factor of C[X]^^^ and since $ is of the same degree on the last factor, 
the map ^ has degree on that factor. This means that ^{Qo-, . . . , Qm) is independent of 
Qm- Since $(P) 7^ and since Pq, . . . ,Pm-i £ Id, we deduce that the restriction of to 
is not the zero map and so the condition ^'(Q) 7^ defines a non-empty Zariski open 
subset U of As the map $ vanishes to order at least deg(/) at each point of U, the 

factorization (I3T!) implies that the resultant vanishes up to order deg(/) at the same points 
and therefore, by continuity, vanishes up to order deg(J) at each point of □ 

Remark. Let / and D be as in Theorem 15.21 If / contains the defining ideal of an irreducible 
subvariety Z of Pq of dimension r > 0, then an adaptation of the above argument shows 
more generally that the Chow form of Z in degree D vanishes up to order deg(/) at each 
point of {IdY^^- 

The applications of Theorem 15.21 that we give below use the notation of Section [31 In 
particular, we assume from now on that m = 2 so that X = {Xq, Xi, X2). We first prove 
three lemmas. 

Lemma 5.3. Let R be an irreducible homogeneous polynomial ofQ[X]. Then R divides VR 
if and only if R is a constant multiple of either Xq or X2. 

Proof. Suppose first that R\VR and let D = deg{R). Since VR is also homogeneous of 
degree D, this hypothesis means that R is an eigenvector of the differential operator V 
acting on Q[X]/5. We observe that, for each k = 0, . . . , D, the subspace X^QIXq, Xij/j.^ is 
the kernel of (T> — A;)-^"^"*"^, and so the product HfeLol-^ ~ k)^~''~^^ induces the zero operator 
on Q[X]£). Thus the eigenvalues of V are the integers 0,1, ... ,D and we find that, for each 
k = 0,1, . . . , D, the eigenspace for k is generated by the monomial X2X^~'^. So i? is a 
multiple of such a monomial and, as it is irreducible, we conclude that it has degree D = 1 
and is a multiple of either Xq or X2. The converse is clear. □ 

Lemma 5.4. Let D be a positive integer and let P G Q[X]£) with Xq \ P and X2 \ P. If 
an irreducible homogeneous polynomial R G Q[X] divides P, VP, . . . , V^P for some integer 
k > 0, then R^^^ divides P. In particular, the polynomials P, VP, . . . , V^P have no common 
irreducible factor in Q[X]. 
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Proof. Let R be an irreducible factor of P in Q[X], and write P = R^Q for some positive 
integer e < D and some homogeneous polynomial Q G Q[X] not divisible by R. Then, for 
i = 0, . . . ,e — 1, the polynomial V^P is divisible by R while V^P is congruent to {T>RYQ 
modulo R. However, by Lemma 15.31 the hypothesis on P implies that R \ VR. So e is the 
largest integer for which R divides P, PP, . . . , P^~^P, and the result follows. □ 

For the next results, we denote respectively by vri : ^ — C and hj 'K2- G C* the 
projections from ^ = C x C* to its first and second factors. 

Lemma 5.5. Let R be an irreducible homogeneous polynomial of Q[X]. Then t^(P) is 
irreducible for any 7 G ^. Moreover, assume that R is not a multiple of either Xq or X2, 
and denote by F/j the set of all 'y & Q such that R divides t^{R). Then either 7ri(FR) is 
reduced to {0} or 7r2(F/j) is a cyclic subgroup of C* of order at most deg(P). 

Proof. The first assertion follows simply from the fact that each is an automorphism of 
Q[X]. To prove the second one, we first note that Tr is a subgroup of Q. Let 7 = {^,ri) 
be an arbitrary element of F/j. Since t^{R) has the same degree as P, we have t^{R) = 
XR for some A G C*. Writing P = Yl'j=o^2^ji-^o, ^i), this condition translates into 
ri^Aj{Xo, ^Xo + Xi) = \Aj{Xo, Xi) for each j = 0, . . . ,d. When Aj 7^ 0, this relation implies 
that 7]^ = A. So, if there are at least two indices j with Aj 7^ 0, then 77 is a root of unity of 
order at most d and, the choice of (^,77) G F^ being arbitrary, we conclude that vr2(FR) is a 
finite thus cyclic subgroup of C* of order at most d. Otherwise, assuming that Xq and X2 
do not divide P, we obtain that P = Aq^Xq, Xi) is of positive degree in Xi, and the equality 
Ao{Xo, C,Xo + Xi) = XAo{Xq, Xi) implies that A = 1 and ^ = 0. Thus, in that case, we have 
7ri(F^) = {0}. □ 

Theorem 5.6. Let H be a non-empty finite subset of Q and let T be a positive integer. 
Denote by I the ideal of C[X] generated by the homogeneous polynomials P satisfying 

(OT)(1,7)=0 for each 7GS and each z = 0, ...,T-1. 

Suppose that there exist a finite subset Si of Q and an integer Ti > such that 

(32) D< (ri + l)min{|7ri(Si)|,|7r2(Si)|} and (T + ri)|S + Si| < 

where S + Si = {7 + 71 ; 7 G S, 71 G Si} denotes the sumset of S and Si in Q . Then, the 
resultant in degree D vanishes up to order T |S| at each point of (Id)^- 

Proof. We have / = n^gs/'-'^'"^^ where, according to Corollary l3.4l the ideals /("T'^) are primary 
for distinct prime ideals of rank 2. Furthermore they all have the same degree T, and so 
deg(/)=T|S|. 

The second condition in ( l32l) implies the existence of a non-zero polynomial P G CfX]/) 
satisfying 

{V'P){1, 7) = for each 7 G S + Si and each i = 0, . . . ,T + Ti - 1. 
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Fix such a polynomial P. If it is divisible by Xq or by X2, then its quotient by that variable 
possesses the same vanishing property. Thus, upon dividing P by a suitable monomial of the 
form XqX2 and multiplying the result by X^^^ to restore the degree, we may assume that P 
is not divisible by Xq nor by X2. By construction, the polynomials t^{V^P) belong to / for 
each 7 G Si and each i = 0, . . . ,Ti. We claim that the latter have no non-constant common 
factor. For, suppose they have such a common factor R. Choose it to be homogeneous and 
irreducible. As P is not divisible by Xq nor by X2, the same holds for R. Define F^ as in 
Lemma [H75| and denote by S2 a minimal subset of Si such that S2 + F^ = Si + F/j. For any 
pair of distinct elements 7,7' of S2, we have 7 — 7' ^ Tr, thus R does not divide t^-y{R), 
and so the irreducible polynomials t_^{R) and t_^i{R) are not associated. Moreover, the 
choice of R implies that t_^{R) divides V^P for i = 0,1, . . . , Ti. By Lemma [5.41 this means 
that P is divisible by r_^(_R)-^^+^. Thus P is divisible by n7eS2 '^-'yi.RY'^^^ and so 

(33) D = deg(P) > (Ti + 1) IS2I deg(P). 

According to Lemma [5.51 either we have niiTu) = {0} or vr2(Fij) is cyclic of order at most 
deg(i?). In the first case, the equality S2 + F/j = Si + implies that vri(S2) = 7ri(Si) and 
from ([33!) we deduce that D > {Ti + 1) |7ri(Si)| against the hypothesis (1321) . In the second 
case, it implies that |7r2(S2)| > |7r2(Si)|/ deg(i?) and ( j33l) leads to D > (Ti + 1) |7r2(Si)| once 
again in contradiction with ( l32l) . 

Since the polynomials t^{V^P) with 7 G Si and i = 0, . . . , Ti all belong to Id and share 
no common factor, the set of zeros of Id in P™'(C) is finite. As this set contains S, it is 
also non-empty. Therefore, by Theorem 15.21 the resultant in degree D vanishes up to order 
deg(/) = T |S| at each point of {IdY- □ 

In the case where S consists of just one point 7, the ideal I of the theorem is simply I^^''^\ 
and for the choice of Si = {e} and Ti = D, the condition f[32l) reduces to T < (^^^). The 
conclusion becomes: 

Corollary 5.7. Let 7 G ^ and let D,T eW with T < {^2^)- Then, the resultant in degree 
D vanishes up to order T at each triple {P,Q,R) of elements of I^^''^\ 



6. Construction of a subvariety of dimension 

The first part of the proof of our main theorem consists in constructing, for each sufficiently 
large integer D, a zero- dimensional subvariety Z of Pq with small height relative to a certain 
convex body. In this section, we define a convex body C of C[X]/5 = C[Xq, Xi, X2]d of the 
appropriate form and provide an estimate for the height of relative to C. Then, we use this 
to construct a zero- dimensional subvariety Z with small height hc{Z) assuming the existence 
of a non-zero homogeneous polynomial P G Z[X]b whose first derivatives with respect to V 
belong to C. The rest of the section is devoted to a posteriori estimates for the degree and 
standard height of Z. 
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Proposition 6.1. Let D,T eW and let Y,U > with 

(34) T<(^^^^ and 2T logics) <Y 

where cq = 8(2 + |^| + Then, for the choice of convex body 

C = {Pe C[X]d; \\P\\ < e^, max \V'P(l,^,r])\ < e"^}, 

0<i<T 

we have /ic(P^) < -TU + 3D^Y + 21 log(3)D^ 

Proof. Let Res^: C[X]|, — )• C denote the generic resultant of in degree D. Using the 
notation of Lemma I2.H we have, by that lemma, 

(35) heiResD) = hs{F^) < 181og(3)L>l 
By definition, we also have 

/ic(P') = hciResD) = logsup{|ResD(Po,Pi,P2)| ; ^0,^1,^2 G C}. 

As C is compact, there exist Pq, Pi, P2 & C for which hc{R) = log |Res/)(-Po) Pi, -^2)!- 

Let L denote the smallest non-negative integer such that T < M := ('^^^)- Then, we 
have L < M < 2T, and the first hypothesis in (IMI) implies furthermore that L < D. For 
this choice of L and for each j = 0, 1,2, Proposition 13.31 ensures the existence of a unique 
polynomial Qj G C[X]l such that 



and shows that it has norm 



W,(l,e,r/) for^ = 0,...,T-l, 
fori = T,...,M-l, 



WQjW < ci(-7)^8^' max \V'P,{l,-f)\ < (8ci(-7))2^e-^ < e^"^ 

0<j<T— 1 

since 8ci(— 7) = Cg. By construction, the differences Pj — X^^^Qj are elements of /j^'^'' and 
so, according to Corollary 15.71 the polynomial 

f{z) = ResB(Po - (1 - z)Xl^-'^Q,, ...,P,-{1- z)X^~'^Q2) e C[z] 

vanishes to order at least T at 2; = 0. Applying the standard Schwarz lemma, this leads to 

exp(/ic(ResD)) = 1/(1)1 

<e-^^sup{|/(2)|; |2| = e^} 

< e-^^sup{|Res^(P^,Pi',P2')l ; Pj ^ C[X]^ and ||P;|| < 3e^} 

< e-^^(3e^)3^' exp(/iB(Resz))), 

where the last estimate follows from the fact that Kesn is homogeneous of degree on each 
of its three arguments. From this, we conclude using (l35ll . □ 
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Proposition 6.2. Let D, T , Y , U and C be as in Proposition \ 6.1[ Define a real number 
C > by the condition TU = CD^Y and suppose moreover that 

5<C, D<T and 251og(3)D < F. 

Finally, suppose that there exists a non-zero homogeneous polynomial P G Z[X]£) not divisible 
by Xq nor by X2 such that T>^P G C for i = 0, . . . , 2T — 1. Then, there exists a subvariety Z 
of Z{V^P , < i < 2T) of dimension with 

(36) hc{Z) < -C"{Y deg{Z) + Dh{Z)), 

where C" = (C-5)/6. 

Proof. Since has dimension 2 witli deg(P^) = 1 and /;,(P^) = 0, and since P is a non-zero 
element of Z[X]£i fl C, Proposition 12.21 ensures the existence of a non-zero cycle Z' of Pq of 
dimension 1 which satisfies 

deg(Z') = D, h{Z') < F + 42 log(3)D < 3Y 

and also, thanks to Proposition 16.11 and the above estimates, 

hciZ') < /ic(P')+41og(3)D=^ 

< -CD^Y + 3D^Y + 251og(3)L>^ 

< -(^c -A)D^Y 

< -C'D{Dh{Z') + 3Ydeg{Z')), 

where C = {C — 4)/6. From the last estimate and the additivity of the degree and heights 
on one-dimensional cycles, we deduce the existence of a component Zi of Z' with 

hc{Zi) < -C'D{Dh{Zi) + 3Y deg{Zi)). 

By Lemma (531 the polynomials P, VP, . . . , V^P have no common irreducible factor in Q[X]. 
Therefore, at least one of them does not belong to the ideal of Zi. Since it has integral 
coefficients and since, by hypothesis, it belongs to C, Proposition 12.21 ensures the existence 
of a non-zero cycle Z" of Pq of dimension with 

deg{Z") = Ddeg{Z,), 

h{Z") < Dh{Zi) + r deg(Zi) + 241og(3)Z^deg(Zi) 
<D/i(Zi) + 2rdeg(Zi), 

hc{Z") < hc{Zi) + 2\og{3)D^deg{Zi) 

< -C'D{Dh{Z^) + 3y deg(Zi)) + {l/2)DY deg{Z^) 

< -C"{Dh{Z") + Ydeg{Z")). 

Thus, by linearity, at that least one component Z of Z" satisfies f p6|l . Since C > 5, we have 
hc{Z) < 0. So, by Proposition 12. 3[ the ideal of Z contains Z[X]£i fl C and so contains P*P 
fori = 0, ...,2T-1. □ 
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Lemma 6.3. Let D E W and a = {ao : cti : 02) ^ P^(C). Suppose that there exists a 
non-zero polynomial P G C[X]£) not divisible by Xq nor by X2 such that T>^P{a) = for 
i = 0, . . . , D . Then, either we have or a is one of the points (0 : 1 : 0) or (0 : : 1). 

Proof. Put a = (ao, «i, ^2) and write 

j+k<D 



If ao = 0, we have, for i = 0,1, . . . , D 

f) i ^ 
= V'P{a) = (x2^yP{a) = Y.ao^k'at'al 



k=0 

As the matrix (^*)Q<j<j) o<k<D invertible, this yields ao,fe«f~'^«2 = for /c = 0, . . . , -D. 
However, as Xq \ P, we also have ao,fc 7^ for at least one of these values of k, and thus we 
conclude that aia2 = 0. 

Similarly, if a2 = 0, we find, for i = 0, 1, . . . , Z^, 



an a 



i=o 

As X2 \ P, we also note that aj^ 7^ for some j with < j < D. If jo is the smallest such 
index then, for i = _D — jo, this yields = aj^^^D — jo)!ao' ^'^ ^0 = 0. 

These two facts show that, if aoa2 = 0, then either ao = ai = or ao = a2 = 0, another 
way of formulating the lemma. □ 

Remark. Conversely, if a = (0 : 1 : 0) (resp. a = (0 : : 1)), then, for any integer D > 1, 
the point a is a common zero of the polynomials P, VP, V^P where P = + Xf 
(resp. P = Xq + Xi) is not divisible by Xq nor by X2. 

Proposition 6.4. Let D,T e W, let P e C[K]d with Xq f P and X2 f P, and let Y e R. 

Suppose that 

T< (^^], max{251og(3)P',log||P||,log||PP||,...,log||r'^P||} < r. 



and that W = ZiV'^P ; < i < D -\-T) is not empty. Then any irreducible component Z of 
W in Pq has dimension with 

(37) cieg(Z)<— and h{Z)<^. 

Proof. By Lemma [5.41 the polynomials P, VP, . . . , T>^P are relatively prime as a set. Since 
they are all homogeneous of degree D, we conclude that there exist integers ai, ... ,0/5 of 
absolute values at most D such that Q = Xll^i ciiD^P is relatively prime to P. Then Z{P, Q) 
has dimension and since is a closed subset of Z{P,Q), it also has dimension 0. 



24 



DAMIEN ROY 



Let Z be an irreducible component of W . Since Z C Z(T>^P] < i < -D), Lemma 16.31 
shows that either Z(C) is contained in the open set Q of P^(C) or it consists of one of the 
points (0 : 1 : 0) or (0 : : 1) (the points of Z{C) are conjugate over Q). In the latter case, 
we have deg(Z) = 1 and h{Z) = 0, and the estimates ( !37j) follow. Thus, in order to prove 
these estimates, we may assume, without loss of generality that Z{C) C Q. 

Let G: C[X]/5 — i- C be a Chow form of Z in degree D, and let F: C[X.]d — C denote the 
map given by F{R) = ResD{P,Q,R) for each R G C[X]£), where Resn denote the resultant 
in degree D. We claim that G^ divides F. 

To prove this claim, choose a system of representatives \ {0} of the points 

of Z{C) and complete it to a system of representatives ai, . . . of those of Z{P,Q){C). 
Then, there exist a, 6 G C* and ei, . . . , G N* such that 

(38) F{R) = aR{a^Y' ■ ■ ■ Ri^Y' and G{R) = bR{a^) ■ ■ ■ R{a,) 

for each R G C[X]£i. Moreover, ei = ■ ■ ■ = represents the multiplicity of G as an irreducible 
factor of F over Q. So, our claim reduces to showing that ei > T. Denote by a the point 
of Z(C) corresponding to a^. According to Proposition 13. 6 [ there exists a polynomial R in 
I^''^^ such that R{aj) ^ for z = 2, . . . ,t. Since P and Q also belong to I^Y) '^\ Corollary 
15.71 shows that the resultant in degree D vanishes to order at least T at the point (P, Q, R). 
Therefore, for any fixed S G CfX]^), the polynomial F{R + zS) G C[z] is divisible by 2^. 
Choosing S so that S{a^) ^ 0, the formula (!38l) for F provides 

F[R + zS) = aSia^Y'Ria^y^ ■ ■ ■ R{atY'z'' + 0{z^'+^), 

and therefore ei > T. 

Since G^ divides F, we obtain 

(39) Tdeg{Z) = Tdeg(G) < deg(F) = 

which proves the first half of fl37j) . In terms of the convex body B of Lemma \2.1\ we also 
find, thanks to j3l Prop. 3.7 (i) and Lemma 3.3 (i)], 

TheiZ) = Ths{G) < hts{F) + 2D' log ^ ^) < hisiF) + 2 log(3)Z}l 

To translate this inequality in terms of the standard height h{Z), we first observe that 
Lemma 12.11 and the degree estimate fl39l) lead to 

DTh{Z) < TheiZ) +A\og{3)DTdeg{Z) < ThtsiZ) + 4\og{3)D\ 

Moreover, since F is obtained by specializing the first two arguments of a Chow form of 
into P and Q with ||P|| < and ||Q|| < D'^e^ < e^"*"^, and since that Chow form is 
homogeneous of degree D' in each of its three arguments, we also find 

his{F) < D'Y + D'^iD + Y) + /iB(p2) < 2P)2y + 191og(3)P'^ 

using the upper bound for /^^(P^) provided by Lemma [2.1[ Combining the last three esti- 
mates, we conclude that 

DTh{Z) < 2P)V + 251og(3)P>^ < 



A SMALL VALUE ESTIMATE 



25 



which proves the second half of ( 137|) . □ 

Remark. By Lemma 4.2 and Proposition 7.1 of [3], the map F is a Chow form of the inter- 
section product div(P) • div(Q) and is therefore divisible by where i is the intersection 
multiplicity of div(P) and div(Q) in Z. From there, one can also prove that i >T based on 
a standard algebraic definition of that intersection multiplicity. 

7. Proof of Theorem 11.11 

Let the notation and hypotheses be as in Theorem 11.11 We also put 7 = rj) and use 
the notation of Section HJ We shall argue by contradiction, assuming on the contrary that 
(1 : 7) is not a point of P^(Q). From there we proceed in several steps. 

Step 1. For each positive integer D, we define a convex body Co of C[X]£) by 

Cd = |P G C[X]d; \\P\\ < exp(2D^), ^^max^^ \V'P{e)\ < exp(-(l/2)D'^)|, 

and denote by Po the homogeneous polynomial of ^[X]/) determined by the condition 

Poi^, Xi, X2) = XIX2 ^P£){Xi, X2) 

where b stands for the largest integer such that X2 divides Pd, and where a = D—deg{PD)+b. 
Then, by construction, Pjj is not divisible by Xq nor by X2. We claim that, for any suffi- 
ciently large D, the polynomials D^Pd with < j < 2[i5'^J all belong to Cd- 



To prove this, fix a choice of integer j with < j < 2[D'^J, and put Q = V^Po- Using 
Lemma 13.11 we find 

IIQII < D^CiPo) < D^{D + 1Y\\Pd\\ <{D + 1)2^^+^ exp(D^) = exp((l + o{l))D^). 
Moreover, for any i = 0, . . . , [-D^J — 1, Leibniz' rule of differentiation for a product leads to 
|P^Q(1,7)| = \V\-'\X^X2'Pd{X^,X2))\x,=^,x,=, 

^ E I^^I^rU,=c |2^i^2~1x.=, \V{Pn{^,v)\ 

r+s+t=i+j 
r+s+t=i-\-j 

< max{l, lei, \v\''V^\a + b + if^^^^ expi-D") 
= exp{-{l-o{l))Dn. 

Step 2. Define (5 = z/ + r — 2 — /3, and fix an arbitrarily large integer D. Then, put 

T = [D^\ , Y = 2D^, U = P>72, 

and define a real number C by the condition TU = CD^Y . Then, the convex set C defined in 
Proposition 16.11 coincide with Cd and, assuming that D is sufficiently large, the hypotheses 
of Proposition 16.21 are all fulfilled (because 1 < r < min{2,/3} and r + v > 2 + (3), and 
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moreover we have C" = (C — 5)/6 > Thus, there exists a 0- dimensional subvariety 

Z = Zooi contained in ZiV^Po ; < i < 2T) such that 

hcAZ) < -^{2D^deg{Z) + Dh{Z)). 

Let Z be a set of representatives of the points of Z{C) by elements of of norm 1. By 
Proposition I2.3[ we have 

J]logsup{|P(a)| ■,PeCD}< hc,{Z) - DhiZ) + 9log{3)Ddeg{Z). 

For each a G Z{C) with corresponding point a ^ Z_, we also have, according to the defini- 
tions, 

sup{|P(«)| ■,PeCD}> sup{|P(a)| ; P e \\P\\ < 1 } = 

Now, let U denote the set of points a of Z(C) with dist(Q;, (1 : 7)) < (2c2)^^. For each 
a G Z(C) \ U, Proposition 14.51 gives 

assuming D large enough so that T > 2C2C5. For the more interesting points a G W, it gives 
\lD'^\a > cJ^C5^r-^^i°s(^) max{dist(«, (1 : 7))^, dist(«, A^)} 
> T-^^^°e(T) niax{dist(a, (1 : 7))^, dist(a. A.,)}, 

provided that D is large enough. Putting all these estimates together, taking into account 
that Z{C) consists of deg(Z) points, we conclude that 

5^max{Tlogdist(«, (1 : 7)), logdist(«, A^)} < ^log |jg''^^U + 7r(logT)2 deg(Z) 

< -^{D^ deg{Z) + Dh{Z)) 

if D is large enough (because /3 > r > 1). In particular, the set U is not empty and contains 
at least one point ao for which log dist(ao, (1 : 7)) < —D^^^/{25T). Thus, as D goes to 
infinity, the point ctg runs through an infinite sequence of points of P^(Q) converging to 
(1:7) but distinct from (1:7) (because (1 : 7) ^ P^'' 



Step 3. Denote by D* the smallest positive integer for which 

Z C Z{V'Pd*+i ; < 2 < 2[{D* + 1)"J). 

If D > 2, such an integer exists and is at most equal to D — 1. Moreover, D* goes to infinity 
with D because, as Pd*+i is not divisible by Xq nor by X2, it follows from Lemma [5.41 that 
Z{V^Pd*+i ; < i < + 1)(C) is a finite subset of F^(Q) and so, for fixed D* > 1, this 
set does not contain the point ao of Z{C) when D is large enough. Thus, assuming D large 
enough, it follows from Step 1 that "D^P^.+i belongs to Cd*+i for i = 0, . . . , D* + 1 and 
consequently 

max{251og(3)(D* + 1), log ||Pi,.+i||, . . . , log ||I?^*+ip^.+i||} < 2{D* + 1)^. 
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For D large enough, we also have [{D* + 1)^J < (^2^^) Proposition 16.41 we conclude 

that 

deg(Z)< ,1^*"^^?', <2iD*f-^ and /^(Z) < ^^^^-tl^!^ < 7p*)i+/3- 

Step 4. For D large enough, we have D* > 2 and so, by the very choice of D*, there exists 
an integer io with < io < 2[{D*y\ such that Z is not contained in the curve of defined 
by the polynomial P* := V^°Pd*- For D large enough, we also have P* G Cd* nZ[X]. Then, 
Proposition 12.31 gives 

< 71og(3)D*deg(Z) + + ^log|P*(a)|. 

Moreover, the fact that P* G Cjj* leads to the crude estimate 

maxlog|P*(a)| < log(3) + log ||P*|| < 4(P)*)^. 

Combining the last two results , we deduce that, for D large enough, 
(40) ^min{0,log|P*(«)|} > -5{D*y deg{Z) - D*h{Z). 

Put T* = [{D*Y\. Then, for a point a eU with representative a G Proposition 14.21 
provides the more precise estimate 

|P*(a)| < C4^max^ |r'*P*(l,7)| + cf*||P*||(dist(a, (1 : 7))'^* +dist(a,v4^)) 

< C4e-(^*)"'/2 + cf 'e^^^*)" ( dist (a, (1 : 7))^* + dist(a, A^)) . 

However, if D* is large enough, the inequality (HOj) combined with the estimates for deg(Z) 
and h{Z) obtained in Step 3 leads to 

log|P*(a)| > -5{D*)^deg{Z)-D*h{Z) > -17{D*f+f^~\ 

thus |P*(a)| > 2c4e-(^*)"'/2^ and so 

log|P*(a)| <3(P>*)^ + max{T*logdist(a, (1 17)), logdist(a, A^)}. 

Note that this holds for any a eU with a lower bound on D* not depending on a. Therefore, 
if D is large enough, we conclude using ( l40l) that, for any subset S of U, we have 

^max{r*logdist(a, (1 : 7)), logdist(a, A^)} > -8{Dy deg{Z) - D*h{Z). 

ae5 



Step 5. According to the last estimate from Step 2, we have 
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T J2 logdist(«, (1 : 7)) + J] logdist(a, A^) < -^{D^ deg{Z) + Dh{Z)) 



a&A' a&A" 

for any partition of U into disjoint subsets W and U" . We choose 

W' = {aGW; T*logdist(a, (1:7)) >logdist(a,A^)} and U" = U\U'. 
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Then, the last estimate of Step 4 apphed to the sets W and U" gives respectively 
T* ^logdist(a,(l : 7)) > -8(D*)^ deg(Z) - 

logdist(a,v4^) > -8(D*)^ deg(Z) - D*h{Z). 

a&A" 

Combining these three inequalities, we obtain 

-^{D^ deg(Z) + Dh{Z)) >-{^ + l) {HD*r deg(Z) + D*h{Z)) 

and so 

D^+^ deg{Z) + D^+^h{Z) < D^{D*f-^h{Z) 

(we may omit the term D'^ {D*Y~'^ (\eg{Z) in the right hand side as it is negligible with 
respect to -D''^^ deg(Z)). This means that 

(41) D^+^-^ deg{Z) <^{D*f-^h{Z) and {D*y-^ <^ D^-^-\ 

Since deg(Z) > 1 and h{Z) <^ (/}*)i+/3-'^ (gee Step 3), the first estimate in fj4Tl) implies that 

As r > 1, combining this with the second estimate from fl4ip yields 

(r - 1){6 + I3-t)<{t-6- 1)(/3 + 2 - 2r) 

which after simplifications is equivalent to 5 < (r — 1)(2 — r)/(/3 + 1 — r). This contradicts 
the hypothesis on i/ in ([1]), and therefore proves that ^,''7 G Q. The remaining assertion of 
Theorem 11.11 follows from this fact, as explained in the introduction. 
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